In this paper, we first generalize the common index jump theorem for symplectic matrix paths proved in 2002 by Long and Zhu in [LoZ], and get an enhanced version of it. As its applications, we further prove that for a compact simply-connected manifold (M,
Introduction and main results
The common index jump theorem (cf. Theorem 4.2 of [LoZ] , which is denoted by CIJT for short below) was established by Long and Zhu in [LoZ] of 2002. Since then, it has become an important tool in the studies of multiplicity and stability problems of closed characteristics on given energy hypersurfaces of Hamiltonian dynamics and closed geodesics on Finsler manifolds. Denote by i(γ, m) and ν(γ, m) the Maslov-type index and nullity of the m-th iterate γ m of any symplectic matrix path γ as in [LoZ] and [Lon3] . For a finite family of symplectic paths {γ k } 1≤k≤q in Sp(2n) with positive mean indicesî(γ k ) > 0, the CIJT yields (q + 1)-tuple of integers (N, m 1 , . . . , m k ) so that all the index jump intervals (i(γ k , 2m k − 1) + ν(γ k , 2m k − 1) − 1, i(γ k , 2m k + 1)) with 1 ≤ k ≤ q possesses a large enough common intersection interval [2N − κ 1 , 2N + κ 2 ] for some positive constants κ 1 and κ 2 . Then it was further proved that the number of integers in 2N − 2 + n contained in this common interval yields a lower bound on the number of distinct closed characteristics on compact convex energy hypersurfaces in R 2n under study. Here one important feature in the index jump intervals is that only indices of (2m k ± 1)-th iterates γ 2m k ±1 k and certain estimate on the 2m k -th iterate γ 2m k k are needed, based on the fact that the initial index i(γ k ) ≥ n holds always, which implies the monotone increasing property of index i(γ k , m) as m increases and the index intervals {[i(γ k , m), i(γ k , m) + ν(γ k , m) − 1]} m≥1 are mutually non-intersecting.
In this paper our main goal is to study multiplicity and stability problems of closed geodesics on any compact simply-connected Finsler manifold (M, F ). For such an orbit c, the initial Morse index i(c) can be rather small like 0 or 1 even if dim M is rather large, and one can not hope the monotone increasing property of the Morse index i(c m ) as m increases and the index interval non-intersecting property. Thus in order to continue to use ideas of the CIJT, we need to understand precisely the indices of all the (2m k ± m)-th iterates γ 2m k ±m k for every integer 1 ≤ m ≤m with any given m > 0 as well as the precise index of 2m k -th iterate γ 2m k k . Thus in the first part of this paper, we generalize the CIJT to our Theorem 3.5 below to obtain such precise values of Maslov-type indices of these iterates of closed geodesics. Such information allows us to compute the corresponding Morse inequality accurately and derive certain sharp estimates on the multiplicity and stability of closed geodesics compact simply-connected Finsler manifolds as in the proof of Theorem 1.1 below. We call this generalization of CIJT (Theorem 3.5 below) the enhanced common index jump theorem (enhanced CIJT for short below). We believe that this enhanced CIJT can be applied to many other problems on periodic solution orbits in Hamiltonian and symplectic dynamics too.
There is a famous conjecture in Riemannian geometry which claims the existence of infinitely many distinct closed geodesics on every compact Riemannian manifold M . This conjecture has been proved for many cases (cf. for example [BTZ1] , [BTZ2] , [Ban1] ), specially Gromoll and Meyer proved the conjecture in [GrM] of 1969 for any compact M provided the Betti number sequence {b p (ΛM )} p∈N of the free loop space ΛM of M is unbounded. Then in [ViS] with a generator x of degree d ≥ 2 and height n + 1 ≥ 2, where dim M = dn. Note that when d is odd, then x 2 = 0 and n = 1, or when n = 1, M is rationally homotopic to S d (cf. Remark 2.5
of [Rad1] and [Hin] ). Among these manifolds, only for Riemannian S 2 this conjecture was proved by the works [Fra] of Franks in 1992 and [Ban2] non-degenerate and elliptic. The geometry of Katok's metrics was further studied by Ziller in [Zil] of 1982. He constructed in detail Finsler metrics for complex projective spaces CP n (with d = 2), quaternionic projective spaces HP n (with d = 4), and the Cayley plane CaP 2 (with d = 8 and n = 2) which possess precisely n(n + 1), 2n(n + 1), and 24 distinct closed geodesics respectively, i.e., precisely [BaL] in 2010. Now it is natural to generalize this conjecture to all compact simply connected Finsler manifolds satisfying (1.1), i.e., the lower bound of the number of distinct closed geodesics on such manifolds should be dn(n+1) 2 when d ≥ 2 is even and d + 1 when d ≥ 2 is odd respectively. The second part of this paper is devoted to study this problem as well as the non-hyperbolicity of these closed geodesics.
Recall that a closed curve on a Finsler manifold is a closed geodesic if it is locally the shortest path connecting any two nearby points on this curve (cf. [She] ). As usual, on any Finsler manifold (M, F ), and a closed geodesic c : S 1 = R/Z → M is prime if it is not a multiple covering (i.e., iteration) of any other closed geodesics. Here the m-th iteration c m of c is defined by c m (t) = c(mt).
The inverse curve c −1 of c is defined by c −1 (t) = c(1−t) for t ∈ R. Note that unlike the Riemannian case, the inverse curve c −1 of a closed geodesic c on an irreversible Finsler manifold need not be a geodesic. We call two prime closed geodesics c and d distinct on a Finsler manifold, if there exists no θ ∈ (0, 1) such that c(t) = d(t + θ) for all t ∈ R. On a reversible Finsler (or Riemannian) manifold, two closed geodesics c and d are called geometrically distinct if c(S 1 ) = d(S 1 ), i.e., their image sets in M are distinct. We shall omit the word distinct when we talk about more than one prime closed geodesic for simplicity.
For a closed geodesic c on n-dimensional manifold (M, F ), denote by P c the linearized Poincaré map of c. Then P c ∈ Sp(2n − 2) is well known. As usual, for any M ∈ Sp(2k), we define the elliptic height e(M ) of M to be the total algebraic multiplicity of all eigenvalues of M on the unit circle U = {z ∈ C| |z| = 1} in the complex plane C. Since M is symplectic, e(M ) is even and 0 ≤ e(M ) ≤ 2k. A closed geodesic c is elliptic if e(P c ) = 2(n − 1), i.e., all the eigenvalues of P c locate on U; irrationally elliptic if it is elliptic and all the eigenvalues of P c locate on U \ {±1};
hyperbolic if e(P c ) = 0, i.e., all the eigenvalues of P c locate away from U; non-degenerate if 1 is not an eigenvalue of P c . A Finsler manifold (M, F ) is called bumpy if all the closed geodesics and their iterates on M are non-degenerate (cf. [Abr] ).
Recently the Maslov-type index theory for symplectic paths has been applied to study the closed geodesic problem. In 2005, Bangert and Long proved the existence of at least two distinct closed geodesics on every Finsler (S 2 , F ) (which was published as [BaL] in 2010) . Since then in the last ten years, a great number of results on the multiplicity and stability of closed geodesics on Finsler manifolds has appeared, for which we refer readers to [DuL1] - [DuL3] , [LoD] , [LoW] , [Rad4] - [Rad6] , [Wan1] - [Wan2] , [HiR] , [XiL] , [DLX] , and the references therein.
Recently Wang in [Wan2] proved the existence of at least 2[ n+1 2 ] distinct closed geodesics on a bumpy Finsler (S n , F ) when the flag curvature K satisfies λ 2 (1+λ) 2 < K ≤ 1, where the reversibility λ = λ(M, F ) was introduced by Rademacher in [Rad3] as
Note that the lower bound 2[ n+1 2 ] on the number of distinct closed geodesics for spheres S n is sharp due to the above mentioned examples of Katok. Besides spheres, in [Rad4] , Rademacher obtained some multiplicity and stability results of closed geodesics on compact simply connected manifolds satisfying some pinching conditions. For example, it was proved that a Finsler (CP n , F ) with n ≥ 7 and a bumpy Finsler metric possessing only finitely many distinct closed geodesics and satisfying 2 n+1 λ 1+λ 2 ≤ K ≤ 1, carries always at least 2n distinct closed geodesics, and at least (n − 3) of them are non-hyperbolic, where λ and K denote also the reversibility and the flag curvature of (CP n , F ) respectively. In [Rad5] , Rademacher further proved the existence of two prime closed geodesics on any CP 2 with a bumpy irreversible Finsler metric. In recent preprint [DLW] , the authors proved the existence of at least two prime closed geodesics on every compact simply-connected Finsler manifold (M, F ) with a bumpy irreversible Finsler metric F .
Motivated by these results, in this paper we prove 
Step 1. Firstly, we apply the enhanced CIJT (Theorem 3.5) to get a (q+1)-tuple (N, m 1 , · · · , m q ) ∈ N q+1 such that the Morse indices i(c h k ) of h = 2m k ± m and h = 2m k -th iterates of each prime closed geodesic c k satisfy the inequalities (4.12), (4.14) and the equality (4.13) below with m ∈ [1,m] for some suitably chosenm ∈ N. Here the condition i(c k ) > 0 is used for 1 ≤ k ≤ q.
Then using these information on the Morse indices, we can compute the alternating sum of Morse type numbers up to 2N , i.e.,
where
Now by direct computations and the Morse inequality, we obtain
Here B(d, n), b p (ΛM ) and γ c k are defined in Section 2 below.
Step 2 
That is, the total number of distinct closed geodesics on such manifold in Theorem 1.1 is at least
Step 3. Then the non-hyperbolicity of these closed geodesics can be easily obtained according Since Π c preserves the g T lengths and g T angles, Π c : T ⊥ → T ⊥ is well-defined and is an orthogonal transformation with det(Π c ) = 1. Since dim M ∈ 2N, dim T ⊥ is odd. It then yields that 1 ∈ σ(Π c ).
Therefore there is a vector u c ∈ T c(0) M which is g T -orthogonal to T =ċ(0) and Π c (u c ) = u c . For any eigenvector u belonging to the eigenvalue 1 of Π c , denote by Uċ ,u (t) the parallel transport of u along c(t) for 0 ≤ t ≤ 1 with gċ(Uċ ,u , Uċ ,u ) = 1. As in Section 2 of [Rad3] , denote the flag curvature of (M, F ) at the plane Vċ ,Uċ ,u spanned byċ and Uċ ,u by K(ċ, Uċ ,u ) = gċ(Rċ(ċ, Uċ ,u )Uċ ,u ,ċ). Then we introduce Definition 1.2. The minimal and maximal average flag curvaturesK
u is an eigenvector belonging to the eigenvalue 1 of Π c },
u is an eigenvector belonging to the eigenvalue 1 of Π c }.
If there exists no closed geodesics on (M, F ), we setK
simply-connected and dim M ∈ 2N. Note that specially
Note that our Theorem 1.3 below realizes the non-zero index condition in Theorem 1.1. Theorem 1.3. Let (M, F ) be an even dimensional compact simply-connected manifold with a bumpy irreversible Finsler metric F . Then every prime closed geodesic c on (M, F ) satisfies
This last condition holds specially when the flag curvature
Consequently, for any compact simply-connected manifold (M, F ) with a bumpy, irreversible Next we study the multiplicity and stability of closed geodesics on odd-dimensional spheres S d with n = 1 in (1.1), which is not included in manifolds considered by Theorems 1.1 and 1.3.
Here for the odd-dimensional sphere S d our two theorems below improve the main Theorem (1+λ) 2 due to some geometric reasons. And the multiplicity result in Theorem 1.6 under this curvature pinching condition was used to get Theorem 1.2 of [Wan2] . But the parity of the Morse indices and the non-hyperbolicity of these closed geodesics are new.
(ii) We would like to draw readers' attentions to the remarkable paper [HiR] , in which among other results Hingston and Rademacher proved the existence of at least two distinct closed geodesics on a sphere (S n , F ) when the flag curvature satisfies
If the index restrictions and the curvature pinching conditions are given up, the following result can still hold. Theorem 1.8. On every compact simply-connected manifold (M, F ) with a bumpy, irreversible
Finsler metric F satisfying (1.1) for some even integer d ≥ 2 and some integer n ≥ 1, either there exist at least one non-hyperbolic closed geodesic, or there exist infinitely many distinct closed geodesics.
Remark 1.9. (i) By the Finsler metrics constructed by Katok in [Kat] and Ziller in [Zil] , the lower bounds on the numbers of distinct prime closed geodesics in Theorems 1.1, 1.3, 1.5, and 1.6 are sharp. Note that bumpy is a generic condition, and our above theorems give generic results on the above mentioned manifolds.
(ii) Based on our above theorems, the works [HWZ1] in 1998 and [HWZ2] in 2003 of Hofer, Wysocki and Zehnder, [BaL] in 2010 of Bangert and Long, [LoW] in 2007 of Long and Wang, and other results mentioned above, we believe that it is natural to propose the following Conjecture. On every compact simply connected Finsler manifold (M, F ) satisfying (1.1), there exist either infinitely many distinct prime closed geodesics, or there exist precisely
when the total number of prime closed geodesics is finite, all of them must be irrationally elliptic.
In this paper, we denote by N, N 0 , Z, Q, R, and C the sets of natural integers, non-negative integers, integers, rational numbers, real numbers, and complex numbers respectively. We use only singular homology modules with Q-coefficients. For any a ∈ R, we use the functions
Morse theory of closed geodesics
Let M = (M, F ) be a compact Finsler manifold, the space Λ = ΛM of H 1 -maps γ : S 1 → M has a natural structure of Riemannian Hilbert manifolds on which the group S 1 = R/Z acts continuously by isometries (cf. [Kli] ). This action is defined by (s · γ)(t) = γ(t + s) for all γ ∈ Λ and s, t ∈ S 1 .
For any γ ∈ Λ, the energy functional is defined by
It is C 1,1 and invariant under the S 1 -action. The critical points of E of positive energies are precisely the closed geodesics γ : S 1 → M . The index form of the functional E is well defined on any closed geodesic c on M , which we denote by E (c). As usual, we denote by i(c) and ν(c) the Morse index and nullity of E at c (cf. [Kli] and [Mor] ). In the following, we denote by
For a closed geodesic c we set Λ(c) = {γ ∈ Λ | E(γ) < E(c)}.
For m ∈ N we denote the m-fold iteration map φ m : Λ → Λ by φ m (γ)(t) = γ(mt), for all γ ∈ Λ, t ∈ S 1 , as well as γ m = φ m (γ). If γ ∈ Λ is not constant then the multiplicity m(γ) of γ is the order of the isotropy group {s ∈ S 1 | s · γ = γ}. For a closed geodesic c, the mean indexî (c) is defined as usual byî(c) = lim m→∞ i(c m )/m. Using singular homology with rational coefficients we consider the following critical Q-module of a closed geodesic c ∈ Λ:
Lemma 2.1. (cf. Satz 6.11 of [Rad2] ) Let c be a prime closed geodesic on a bumpy Finsler manifold (M, F ). Then there holds (i) When d is odd (which implies that n = 1), i.e. M is rationally homotopic to the odd dimensional sphere S d , then the Betti numbers of the free loop space of S d are given by
(2.5)
Then the Betti numbers of the free loop space of M are given by
(2.7)
Theorem 2.5. (cf. Theorem I.4.3 of [Cha] ) Suppose that there exist only finitely many prime
Then the following Morse inequality holds for every p ∈ N 0 , As in [Lon2] , denote by
As in [Lon2] , the -sum (direct sum) of any two block-wise real matrices is defined by
where we denote by σ(M ) the spectrum of M , by Ω 0 (M ) the path connected component of Ω (M ) containing M , and
Lemma 3.1. (cf. [Lon2] , Lemma 9.1.5 and List 9.1.12 of [Lon3] ) For M ∈ Sp(2n) and ω ∈ U, the splitting number S ± M (ω) (cf. Definition 9.1.4 of [Lon3] ) satisfies
For any M i ∈ Sp(2n i ) with i = 0 and 1, there holds
We have the following decomposition theorem Theorem 3.2. (cf. [Lon2] and Theorem 1.8.10 of [Lon3] ) For any M ∈ Sp(2n), there exists a
where each M i is a basic normal form listed in (3.1)-(3.4) for 1 ≤ i ≤ k.
as in P.114 of [Lon1] . As in [LoZ] and [Lon3] , we denote the Maslov-type indices of γ m by (i(γ, m), ν(γ, m)). By [Liu] and [LLo] , In order to find the iterates which do not change the nullity of a closed geodesic, we distinguish symplectic matrices with constant or various nullities for all their iterates.
Note that every M ∈ Sp vnu (2n) must possess at least one eigenvalue e √ −1θ ∈ σ(M ) with θ ∈ (0, 2π) ∩ πQ. Then for every M ∈ Sp(2n) we defině The following iteration formula and common selection theorem were proved in [LoZ] . 
Theorem 3.4. (cf. Theorem 4.1 of [LoZ] or Theorem 11.1.1 of [Lon3] ) Fix an integer q > 0.
Let µ k ≥ 0 and β k be integers for all k = 1, · · · , q. Let α k,j be positive numbers for j = 1, · · · , µ k
14)
The common index jump theorem (Theorem 4.3 of [LoZ] ) for symplectic paths established by Long and Zhu in 2002 has become one of the main tools to study the multiplicity and stability problems of closed solution orbits in Hamiltonian and symplectic dynamics. Here following the ideas of [LoZ] , we prove an enhanced version of it for our usage in this paper by suitably modifying the corresponding proof in [LoZ] to obtain the index properties of γ Theorem 3.5. (The enhanced common index jump theorem for symplectic paths)
We definem
Then for every integerm ∈ N, there exist infinitely many (q + 1)-tuples (N,
such that we have 19) and the following hold for all 1 ≤ k ≤ q and 1 ≤ m ≤m,
where as in (4.45) of [LoZ] , we let
and we define
Proof. Note first thatm(q 1 , . . . , q k ) ≥ 2 holds always by the definitions (3.10) and (3.18). We follow the proof of Theorem 4.2 of [LoZ] and make modifications corresponding to 1 ≤ m ≤m. 26) and for 1 ≤ k ≤ q and m ∈ N, let
By definition, we have δ 0 ∈ (0, 1/2]. Now we apply Theorem 3.4 to our case. Let δ ∈ (0, δ 0 ), such that for 1 ≤ k ≤ q we have
where ∆ k is defined in (3.24).
Note that by (3.30), the right hand side in (3.24) and the left hand side in (3.31) are only evaluated on those e √ −1θ ∈ σ(M k ) with θ ∈ (0, 2π) \ πQ.
Here the proof of (3.19) is omitted, because it follows directly from that in the Step 2 in the proof of Theorem 4.3 in [LoZ] by changing 2m k θ ± θ to 2m k θ ± mθ for 1 ≤ m <m and using the definition ofm. Next we prove (3.20)-(3.23) in four steps.
Step 1. Verification of (3.20).
Note first that (3.20) holds or not is determined by those eigenvalues e √ −1θ ∈ σ(M k ) with θ π ∈ Q ∩ (0, 2). For every such eigenvalue e √ −1θ , by (3.30) we have always 2m k θ ∈ 2πZ. Thus mθ ∈ 2πZ holds if and only if 2m k θ + mθ ∈ 2πZ holds, if and only if 2m k θ − mθ ∈ 2πZ holds.
Thus at (2m k ± m)-th iterates, the multiplicity of the eigenvalue 1 in σ(γ k (τ k ) 2m k ±m ) is the same as that in σ(γ k (τ k ) m ). This proves (3.20).
Step 2. Verification of (3.21).
Now we can compute the value of i(γ k , 2m k + m) with 1 ≤ m ≤m as follows
Claim 1. For e √ −1θ ∈ σ(M k ) and any 1 ≤ m ≤m, there holds 
for all 1 ≤ m ≤m. Thus by (3.34) we get ξ + m (m k , θ) = −1. Claim 1 is proved. Now (3.21) follows from (3.24), (3.33) and Claim 1.
Step 3. Verification of (3.22).
Similarly we can compute the value of i(γ k , 2m k − m) with 1 ≤ m ≤m as follows
Claim 2. For e √ −1θ ∈ σ(M k ) and any 1 ≤ m ≤m, there holds 
So by (3.37) we obtain ξ − m (m k , θ) = 0. Then Claim 2 is proved. Now because for each k and m, the integers ∆ k and Q k (m) defined in (3.24) and (3.25) just count the multiplicities of those eigenvalues e √ −1θ ∈ σ(M k ) which contribute nothing to ξ − m (m k , θ) in the forth and the first cases of (3.38) respectively, Claim 2 yields
for 1 ≤ k ≤ q and 1 ≤ m ≤m. Together with (3.36) it yields .40) i.e., (3.22) holds.
Step 4. Verification of (3.23).
By Theorem 3.3, (3.29) and (3.32) we have 41) i.e., (3.23) holds.
The proof of Theorem 3.5 is complete. These two improvements play important and crucial roles in proofs of our main theorems on closed geodesics in Section 4 below.
(ii) By (4.10) and (4.40) in [LoZ] (cf. (11.1.10) and (11.2.14) of [Lon3] ), we have where v is defined in the above (3.44). Then we can use the proof of Step 2 in Theorem 4.1 of [LoZ] to get N . 
Studies on closed geodesics
Now applying our enhanced common index jump theorem, we give proofs of the main theorems described in Section 1.
Proof of Theorem 1.1
In order to prove Theorem 1.1, let (M, F ) be a compact simply-connected manifold with a bumpy, irreversible Finsler metric F and satisfy H * (M ; Q) ∼ = T d,n+1 (x) for some even integer d ≥ 2 and some integer n ≥ 1. We make the following assumption, (FCG) Suppose that there exist only finitely many prime closed geodesics
When the Finsler metric F is bumpy, for every prime closed geodesic c, by Theorem 3.2 the basic normal form decomposition of the linearized Poincaré map P c possesses the following form
2π ∈ Q for 1 ≤ j ≤ r 0 , and r + s + 2r * + 2r 0 = dn − 1.
(4.1)
Then as proved in [DuL1] , we obtain the index iteration formula of c m
Proof of Theorem 1.1.
We carry out the proof in three steps.
Step 1. The existence of
distinct prime closed geodesics.
Since by the assumption (FCG), there exist only finitely many distinct prime closed geodesics on the bumpy manifold (M, F ), any closed geodesic c k among {c k } q k=1 must have positive mean index (cf. Theorem 3 of [BaK] or Lemma 3.2 of [DuL2] ), i.e., 
is well-defined and finite.
For the integerm defined in (4.4), by (4.3) it follows from Theorem 3.5 that there exist infinitely many q + 1-tuples (N, m 1 , . . . , m q ) ∈ N q+1 such that for any 1 ≤ k ≤ q, there holds
where M k = P c k ∈ Sp(2(dn − 1)) is the linearized Poincaré map of the prime closed geodesic c k .
Here note that in the bumpy case, S
(1) = 0 and Q k (m) = 0 holds for all m ∈ N.
On one hand, there holds i(c m k ) ≥ i(c k ) for any m ≥ 1 by the Bott-type formulae (cf. [Bot] and Theorem 9.2.1 of [Lon3] ). Thus by (4.5), (4.6) and the assumption i(c k ) ≥ 1 for 1 ≤ k ≤ q in the theorem, it yields
On the other hand, note that the equalities (3.33) and (3.36) in the proofs of Steps 2 and 3 of Theorem 3.5 in fact hold for every m ∈ N without using any information onm. So by (3.33) and the definition (4.4) ofm we obtain
where the first inequality follows from the definition (4.4) ofm, and the last inequality follows from the facts ξ + m (m k , θ) ∈ {−1, 0} by Claim 1 and ∆ k ≥ 0.
Similarly by (3.36) and the definition (4.4) ofm we obtain
where the first inequality follows from the definition (4.4) ofm, and the last inequality follows from the facts the total algebraic multiplicity of eigenvalues of M k on U is at most 2(dim M − 1) = 2(dn − 1) and
In summary, by (4.5)-(4.11), for 1 ≤ k ≤ q, we have proved
Claim 3. For N ∈ N in Theorem 3.5 satisfying (4.12)-(4.14) and 2N B(d, n) ∈ 2N, we have
In fact, here we follow some ideas in [Wan1] and [Wan2] to prove this Claim. By Theorem 2.3, (3.42) and (3.43) of Remark 3.6 with
Since each 2m k γ c k is an integer, Claim 3 is proved.
Now by Lemma 2.1, Definition 2.2 and Theorem 3.3, it yields (4.17) where the second equality follows from Lemma 2.1 and the fact i(c m+2 k
for all m ≥ 1 from Theorem 3.3, and the last equality follows from Lemma 2.1 and Definition 2.2.
By (4.14) and Lemma 2.1, we know that all c 
Thus for the Morse-type numbers M p 's defined by (2.10), by (4.17) we have
In order to exactly know whether the iterate c 2m k k of c k has contributions to the alternative sum (4.20 )
Here note that by (ii) of Remark 3.6, we can suppose that N is a multiple of D = d(n + 1) − 2.
Thus by Theorem 2.3, Claim 3, (4.18), the definitions of N e + and N o + and Lemma 2.4, we have 
Note that N is a multiple of D. So there holds {
which, together with (4.24), yields
Step 2 (4.12)-(4.14) for every 1 ≤ k ≤ q, there holds (4.28) where according to the choice ofχ =1 − χ symmetric to χ, we have
Then we have the following
In fact, since the Finsler metric F is bumpy, every eigenvalue e √ −1θ k j ∈ σ(M k ) appearing in (3.11) must satisfy θ k j 2π ∈ Q for all 1 ≤ j ≤ C(M k ) and 1 ≤ k ≤ q. For δ ∈ (0, δ 0 ) with δ 0 > 0 small enough chosen in (3.26), it follows from (3.31) that {
Since the (q + 1)-tuple (N , m 1 , . . . , m q ) ∈ N q+1 is chosen according to the pointχ with some small enough constant δ ∈ (0, δ o ). Therefore by the symmetry of χ andχ =1 − χ and Corollary 3.19 of [DuL3] , we obtain
Then they yield
where the property (3.31) is used again whenever S
Thus by (3.31) and the definition (3.24) of ∆ k we obtain
i.e., Claim 4 holds.
Similarly, we define
So by (4.27) and (4.29) it yields i(c So by (4.23) and (4.36) we get
Step 3. In addition, any hyperbolic closed geodesic c k must have i(c 
Proofs of other main theorems
Proof of Theorem 1.3.
In fact, let (M, F ) be a compact,simply-connected, bumpy Finsler manifold satisfying dim M ∈ 2N. We supposeK − (M, F ) ≥ 0. Then the first conclusion in Theorem 1.3 follows from the proof of Synge Theorem in Finsler geometry, cf. Theorem 8.8.1 and its proof in Pages 221-223 of [BCS] .
For the readers' convenience, we sketch its proof here.
Note first that because M is compact, simply-connected, there exists at least one prime closed geodesic on (M, F ). As in our discussion near Definition 1.2, let c be any prime closed geodesic on (M, F ) satisfying F (ċ(t)) = 1, then Uċ ,u is well defined andK − (M, F ) < +∞ holds. Then by the second variation formula of the energy functional E at c (cf. Section 2 of [Rad3] ) and the
On the other hand, since F is bumpy, then c is non-degenerate. Thus we have ν(c) = 0. If i(c) = 0, then E (c) must be strictly positive definite, and specially we have E (c)(Uċ ,u , Uċ ,u ) > 0.
It contradicts to (4.38) and proves the first conclusion in Theorem 1.3.
Then the second conclusion of Theorem 1.3 follows from Theorem 1.1 and the first part of Theorem 1.3.
Proof of Theorem 1.5.
Here the arguments are similar to those in the proof of Theorem 1.1. So we only give those proofs which is some what different and omitted other details.
First we assume that there exist only finitely many prime closed geodesics {c k } q k=1 on a bumpy Finsler sphere (S d , F ) with an odd integer d ≥ 2 and assuming i(c k ) ≥ 2 for k = 1, . . . , q.
Claim 5. There exist at least (d − 1) distinct non-hyperbolic closed geodesics, all of which possess even Morse indices, provided the total number of prime closed geodesics on (M, F ) is finite.
In fact, firstly we can obtain the similar equations (4.12)-(4.14) where 2N − 1 and 2N + 1 should be replaced by 2N − 2 and 2N + 2, respectively, i.e., for 1 ≤ k ≤ q, we obtain i(c In fact, under the curvature condition λ 2 (1+λ) 2 < K ≤ 1, there holds i(c) ≥ d − 1 ≥ 2 by Theorem 1 of [Rad4] and Lemma 3 of [Rad3] . Then Theorem 1.6 follows from Theorem 1.5.
Proof of Theorem 1.8.
To prove Theorem 1.8, we assume that there exist only finitely many prime closed geodesics which yields a contradiction.
